We introduce two multiple qubit controlled-unitary gates with different working principles. We employ these gates and existing quantum gates to propose simple and efficient algorithms that generate multi-term orthonormal entangled Bell-like bases. All algorithms thus far known for constructing entangled bases turn out to be special cases of our method. The Bell-like states in any basis is superposition of 2 m -terms with equal probabilities (that is, their amplitudes being ±1/ √ 2 m ). The orthogonality of the basis does not permit arbitrary amplitudes. The quantum correlations of these bases are investigated; we find that the Bell-like bases obtained using different controlled-unitaries have different entanglement contents. We also learn that monogamy score is able to distinguish these bases in the situations where other quantum correlations fail to do so indicating that monogamy score is a more fundamental quantum correlation measure. Our approach can be extended to qudit systems as well.
I. INTRODUCTION
Entanglement is the characteristic trait of quantum mechanics [1] , and quantum correlations [2, 3] are essential ingredients for performing quantum information tasks in both quantum communication and quantum computation. Highly genuinely entangled multiqubit states are the key resources of various quantum error correction codes and quantum communication protocols [4] [5] [6] [7] [8] . Seeing vast applications of quantum correlations, entanglement in particular, in quantum information theory considerable attention is given to identification, generation, characterization, and quantification of quantum correlations. There have been attempts to find ways of generating optimal entanglement for given nonlocal interactions [9] [10] [11] . In Ref. [12] conditions for creating optimal entanglement using a two-qubit gate have been explored. Much efforts are being made to find maximally entangled states [13] [14] [15] [16] , and construct entangled orthonormal bases. Entangled bases, e.g., two qubit Bell basis, are very important in quantum information tasks. For n qubit computational basis, {|x 1 x 2 · · · x n }, the twoterm Bell basis and 2 n -term Graph basis can be generated, respectively, using the expressions
and
where
and C(U ) is a controlled-unitary operation. Both the bases are locally unitarily equivalent. For example, Very recently, an algorithm has been prescribed in Ref.
[17] to obtain 2 n−1 -term orthonormal entangled basis for n-qubit quantum systems exploiting the Braid theories, and the quantum properties of these states were analyzed. It was shown that any n-qubit Bell state in the basis has maximal concurrence and any two-qubit reduced density matrix is separable with zero concurrence. For instance, three-qubit and four-qubit bases using the Braid theories can be obtained as follows
and |x 1 x 2 x 3 x 4 −→(R ⊗ I ⊗ I)(I ⊗ R ⊗ I) (I ⊗ I ⊗ R)|x 1 x 2 x 3 x 4 ,
where R is a unitary operator [18] I iσ y iσ y I
Though this approach is straight forward for arbitrary nqubit quantum systems, the computation becomes quite tedious for large n. A natural question then arises: are there algorithms which are computationally simple and generate 2 m -term, (1 ≤ m ≤ n), orthonormal entangled bases for n-qubit quantum systems?
In this paper we address this question. For that we first introduce two multiple qubit controlled-unitary operations with different working principles and then using these gates with existing multiqubit controlled-unitary operation and single qubit quantum gates we provide simple algorithms that generate 2 m -term, (1 ≤ m ≤ n), Bell-like orthonormal entangled bases for arbitrary nqubit quantum systems. In any basis, n-qubit Bell-like states contain 2 m computational terms with equal probabilities (their amplitudes being ±1/ √ 2 m ); the orthogonality of the basis can not allow arbitrary amplitudes. We find that our approach is very general and all the known methods of obtaining entangled bases are contained in our approach. Besides this our approach can be extended to higher dimensional quantum systems as well. Several useful and readily computable quantum correlations like concurrence [19] , entanglement of formation (EoF) [19, 20] , logarithmic-negativity (LN) [21] , generalized geometric measure (GGM) [22] (cf. [23] ), quantum discord [24, 25] , quantum work-deficit [26] , and monogamy score [27] (cf. [28] ) of bipartite quantum correlation measures. EoF is given in terms of concurrence [19] as given below
is the Shannon (binary) entropy. Negativity is half the value of concurrence for pure states. GGM quantifies genuine entanglement of multipartite pure systems. A multiparty pure quantum state is said to be genuinely multiparty entangled if it is entangled across every bipartition of its constituent parties. A state is said to be maximally entangled if its average bipartite entanglement with respect to all possible bi-partitions is maximal (see [29, 30] and references therein). Hence to quantify the global or average entanglement content in an n-party pure state, we compute the average entanglement of all possible bipartite cuts given by
where Q is some bipartite entanglement measure (viz., linear entropy, von Neumann entropy, negativity etc.) and r ≤ [ n 2 ]. Monogamy score can be interpreted as residual quantum correlation of the bi-partition 1 : rest of an n-party state that cannot be accounted for by the quantum correlations of two-qubit reduced density matrices separately. The investigation of these quantum correlations for Bell-like bases reveal interesting properties. The Bell-like bases obtained using different controlledunitaries have, in general, different entanglement values. For the Bell-like bases generated using one of the controlled-unitary operations we prove analytically that concurrence (hence EoF) and LN is unity. We also learn that monogamy score can distinguish the Bell-like bases in the situations where other quantum correlations fail to do so indicating that monogamy score is a fine-grained quantum correlation measure. This paper is divided into four sections. In Sec. II, we introduce two multiqubit controlled-unitary gates. In Sec. III, we propose simple algorithms for constructing multi-term Bell-like bases, provide few explicit examples, and investigate quantum correlation properties of these bases. Finally, we conclude in Sec. IV.
II. NEW QUANTUM GATES
Controlled-unitary operations can be defined with different working principles. In this section we enrich quantum operations by introducing two multiple qubit controlled-unitary operations with their working principles different from that of conventional controlled-U operation. Both are non-local quantum operations because their actions are defined on multiple qubits. Before describing them we briefly review some single-qubit and two-qubit quantum gates.
The identity matrix, σ 0 ≡ I, and the Pauli matrices {σ x ≡ X, σ y ≡ Y, σ z ≡ Z} when operate on single-qubit computational basis {|0 , |1 } do, in order, nothing, bitflip, bit-phase-flip, and phase-flip. Hadamard gate, H = (X + Z)/ √ 2, on the other hand creates superposition of single qubit computational states. Another important two-qubit quantum gate is controlled-NOT (CNOT) gate whose action on two-qubit computational state |x, y is described by |x, y
where x⊕y denotes modulo 2 addition, |x acts as control qubit and remains unchanged while |y acts as target qubit and is flipped when x = 1 only. In matrix form CNOT gate is represented as
It has been shown that single qubit and CNOT gates are universal [31, 32] , i.e., any unitary operation can be approximated to arbitrary accuracy by a combination of CNOT and single qubit operations. Nonetheless, gates acting on multiple qubits can simplify the implementation of complex quantum algorithms [33] . The multiqubit quantum operations can replace an intricate sequence of single and two-qubit gates, which in turn promises its apace execution with potentially higher fidelity. The quantum Toffoli gate, an important three-qubit controlcontrol-not (CCNOT) gate, has been experimentally realized in NMR [34] and with ion traps [35] . Moreover, circuit implementation of a quantum gate and its working principle are two different things. Consider a situation where conditioning is on multiple qubits and there are several target qubits. Suppose there are n + k qubits, the first n-qubits are conditioned (i.e., act as control qubits), and U is a k qubit unitary operator. Then the controlled operation C n (U ) is defined by the equation [36] 
where x 1 x 2 · · · x n in the exponent of U is the ordinary product of bits x 1 , x 2 , · · · , x n . That is, the operator U is applied to the last k qubits if the first n-qubits are all equal to one, and do nothing otherwise. For n = k = 1 and U = X, this is CNOT gate. For k ≥ 2 we don't yet know how to perform arbitrary operations on k qubits. The C n (U ) operation is very important in quantum computations. Let us call this operation "A1 or All1 (all one)" controlled-U operation because U is applied when all control qubits are equal to one. For instance, when n = 2, k = 1, and U = X we have
Eq. (13) represents the quantum Toffoli gate. We now define the action of multiple qubit phase gatẽ Z, which can be viewed as multiqubit controlled-Z operation, on an n-qubit computational state |x 1 x 2 · · · x n as given below
where x 1 x 2 · · · x n in the exponent of -1 is the ordinary product of bits
That is, when all the qubits are oneZ gate will introduce a factor of -1, and do nothing otherwise. In matrix formZ can be represented asZ
From Eq. (15) it is evident thatZ is unitary.
A. odd one controlled-unitary
Suppose there are n + k qubits where n-qubits {|x 1 , |x 2 , · · · , |x n } are control qubits, k qubits {|y 1 , |y 2 , · · · , |y k } are target qubits, and U rj is an r jqubit unitary operator with 1 ≤ r j ≤ k such that j r j = k. That is, U r1 acts on first r 1 target qubits, U r2 acts on next r 2 target qubits, and so on. Let U = {U rj }. Then we define the action of the controlled operatioñ C n O1 (U ) as given below
where x c in the exponent of U is given by
denotes modulo 2 addition. That is, the operators {U rj } are applied to {r j } qubits as described above if x c = 1 (that is, when the number of |1 's is odd among control qubits), and do nothing if x c = 0 (that is, when the number of |1 's is even among control qubits). For obvious reasons we dub this operation as "O1 or Odd1 (odd one)" controlled-U gate. (To further complicate this gate one can devise U rj 's to operate in any desired order and/or operate on some common target qubits.) For n = k = 1 and U = X, this is again the usual CNOT gate. But for n ≥ 2,C n O1 (U ) is characteristically different from C n (U ). For instance, when n = 2, k = 1, and U = X we havẽ
B. all equal controlled-unitary
Suppose there are n+k qubits, where the first n-qubits are control qubits, and U is a k-qubit unitary operator. We define the action of the controlled-U operatioñ C n AQ (U ) by the equatioñ
where x ′ c in the exponent of U is equal to one when all the control qubits are equal, and zero otherwise. That is, the operator U is applied to the last k qubits if the first n control qubits are all equal, and do nothing otherwise. We refer to this controlled-U operation as "AQ or AllQ (all equal)" controlled-U gate. This gate is valid only when the number of control qubits exceeds 2, and is characteristically different from C n (U ) andC n O1 (U ). For n = 2, k = 1, and U = X we havẽ
III. ALGORITHMS FOR BELL-LIKE BASES AND THEIR QUANTUM CORRELATIONS
In this section we describe several algorithms that are capable of generating 2 m -term, (1 ≤ m ≤ n), Bell-like orthonormal entangled bases for arbitrary n-qubit quantum systems, provide few explicit examples, and investigate their quantum correlation properties.
A. Algorithms
For constructing 2 m -term, (1 ≤ m ≤ n), Bell-like orthogonal entangled bases for arbitrary n-qubit quantum systems, following three steps have to be performed on the computational basis {|x 1 x 2 · · · x n }: (I) Apply Hadamard operation (H) on any m qubits and promote these qubits as control qubits. This creates a superposition of 2 m computational terms. For convenience we will consider the first m qubits as control qubits. (U ) allow U to be applied once, twice, and 2 m−1 times respectively. The phase operations, discussed below in (III), may or may not be associated with these controlled-U operations. Throughout this paper, we will take U to be single-qubit flip gate (X). Theñ
where x c is given by Eq. (17), and x1+···+xm (apply Z gate on each control qubit), (P2) (−1) x1x2+x2x3+···+xmx1 , (P3) (−1) x1x2x3+x3x4x5+···+xm−1xmx1 ,· · · , (Pm) (−1) x1x2···xm . The phase operations (P2) through (Pm) can be realized usingZ gate. It is emphasized here that the phase operations (P0) through (Pm) do not rule out other possibilities. One can engineer numerous such phase transformations. For instance, one can exploit all the qubits of computational states for phase operations, the control qubits for phase operation and controlled-U operation can be different, there can be hierarchy among control qubits, and so on. An example is the phase operation (Pz) C(Z ⊗m−1 ), in which the first qubit x 1 acts as control qubit while Z gate is applied on qubits x 2 through x m . While the phase operations (P0) and (P1) are locally equivalent, the phase operations (P2) and (Pz) yield the same phase factors for m = 2.
−→
Bell-like state |000 |000 + |010 + |100 + |111 |001 |001 + |011 + |101 + |110 |010 |000 − |010 + |100 − |111 |011 |001 − |011 + |101 − |110 |100 |000 + |010 − |100 − |111 |101 |001 + |011 − |101 − |110 |110 |000 − |010 − |100 + |111 |111 |001 − |011 − |101 + |110 TABLE I. Three-qubit four-term orthogonal unnormalized Bell-like basis (3, 2, CA1, P 0) generated using controlled-U operation (CA1) and phase operation (P0). Here |000 (3,2,CA1,P 0)
Since the phase operations (P0) through (Pm) and (Pz) are determined using only control qubits, the steps (II) and (III) are independent of each other and can be performed in any order. For a particular basis, the phase operation and the controlled-U operation should be fixed. Thus a particular basis can be denoted as (n, m, Cq, P p) where q ∈ {A1, O1, AQ}, and p ∈ {0, 1, · · · , m, z}. One might have noticed by now that once the Hadamard operation [37] is done on the control qubits of the computational basis, it is very easy to generate the entangled Bell-like bases. It should be noted that the Bell basis in Eq. (1) and the graph basis in Eq. (2) can be obtained using the above approach. It can be easily checked that all the Bell-like states in any basis are locally unitarily −→ Bell-like state |000 |000 + |011 + |101 + |110 |001 |001 + |010 + |100 + |111 |010 |000 − |011 + |101 − |110 |011 |001 − |010 + |100 − |111 |100 |000 + |011 − |101 − |110 |101 |001 + |010 − |100 − |111 |110 |000 − |011 − |101 + |110 |111 |001 − |010 − |100 + |111 TABLE II. Three-qubit four-term orthogonal unnormalized Bell-like basis (3, 2, CO1, P 0) generated using controlled-U operation (CO1) and phase operation (P0). Here |000 (3,2,CO1,P 0)
equivalent. On the contrary, two Bell-like bases may not be locally unitarily equivalent.
We wish to emphasize here that the ways of obtaining orthonormal entangled Bell-like bases as addressed above can also be extended to higher dimensional quantum systems. One can define a large number of phase operations and controlled-unitary operations, sometimes complex, with different working principles.
To illustrate, we tabulate the basis (3, 2, CA1, P 0) in Table I , the basis (3, 2, CO1, P 0) in Table II , and the bases (3, 2, CO1, P 2), (3, 2, CAQ, P 2) and the threequbit basis obtained using operator R in Table III . From Table III we see that the bases (3, 2, CO1, P 2) and (3, 2, CAQ, P 2) are identical. Also the Bell-like states in the basis (3, 2, CO1, P 2), and the states obtained using unitary operator R are equivalent upto a global factor -1 and permutation of computational states. This observation is also true for arbitrary n when m = n − 1 and the phase operation is (P2) (see Table IV for another illustration). Thus our algorithm has obvious advantage over the Braid theory method for obtaining orthonormal entangled basis.
B. Quantum Correlations of Bell-like Bases
We now investigate quantum correlations of the Bell-like bases. Firstly, we prove analytically that the concurrence of Bell-like states obtained using controlledunitary (CO1) is unity.
Proposition: The concurrence of Bell-like states in the basis (n, m, CO1, P p) is unity.
Proof. A Bell-like state in the basis (n, m, CO1, P p)
where y c = y 1 ⊕ y 2 ⊕ · · · ⊕ y m and (−1) * denotes some phase operation. Since no two product states Tables II, III and IV for instances) , we obtain ρ 1 = tr1(|ψ
Consequently, S 1 ≡ S(ρ 1 ) = 1, entanglement of formation, E(|ψ CO1 x1···xn ) = 1 using Eq. (8) , and since negativity is half of the concurrence for pure states, logarithmicnegativity [21] E N (|ψ
TABLE III. Three-qubit four-term bases (3, 2, CO1, P 2) and (3, 2, CAQ, P 2) generated using controlled-U operations (CO1) and (CAQ) respectively, and phase operation (P2), and the basis obtained using unitary operator R in the Braid theories.
Here |000 Bell-like state
−|0100 |0001 + |0010 − |0100 + |0111 − |1000 + |1011 − |1101 − |1110 |1110 |0000 |0000 − |0011 − |0101 − |0110 − |1001 − |1010 − |1100 + |1111 |1111 −|0010 |0001 − |0010 − |0100 − |0111 − |1000 − |1011 − |1101 + |1110 TABLE IV. Four-qubit eight-term basis (4, 3, CO1, P 2) generated using controlled-U operations (CO1) and phase operation (P2), and the basis obtained using unitary operator R in the Braid theories [17] . Here |0000 We also investigated numerically quantum correlations of orthonormal Bell-like bases (n, m, Cq, P p) for n = 3, 4, 5; 1 ≤ m < n; q = O1, AQ, A1; p = 0, 1, · · · , m, z. Since the Bell-like states in any basis are locally unitarily equivalent and any measure of entanglement is not changed by local unitary operations, all the Bell-like states in the basis have same entanglement content for the given measure. For pure bipartite quantum states discord and work-deficit are equal to von Neumann entropy of either of the reduced density matrix. Interestingly, information-theoretic measures like discord-score and work-deficit score also have fixed values for all the Bell-like states in a given basis obtained as described before (see Table V ). The phase operations, like controlledunitaries, are also important. Two or more Bell-like bases with same n, m, and controlled-unitary can have different quantum correlation values for different phase operations (see Table V) .
For all three controlled-U operations, values of quantum correlations are listed in Table V . The bases obtained using these controlled-U operations often have identical values for different quantum correlation measures. For CO1-bases, in several instances where S is degenerate δ D is able to lift the degeneracy which indicates that monogamy score is a more fundamental quantum correlation measure. This is because two distinct sets of density matrices having same eigenvalue spectrum may not have the same set of discord values. Since Q = δ Q = 1 (Q = C, E, E N ) and GGM has the maximal value 0.5, the Bell-like states obtained using controlled-unitary (CO1) are genuinely highly entangled and their two-qubit reduced density matrices are non-entangled. The high values of δ D indicate that two-qubit reduced density matrices are often classical-classical in nature. We found that discord score (δ D ) is equal to work-deficit score (δ △ ) for CO1-bases. For the controlled-U operation (CAQ) GGM varies as 2 m irrespective of n and phase operations. Thus CO1-bases are the most genuinely entangled while CA1-bases are the least genuinely entangled for given value of m. CO1-bases are also more entangled than CAQ-and CA1-bases. The bases obtained using these controlled-U operations often have identical values of different quantum correlation measures. For CO1-bases concurrence score (δC) and discord score (δD) have also been evaluted. We see that in several instances where S is degenerate δD is able to lift the degeneracy, indicating that information-theoretic monogamy score is a fine-grained quantum correlation measure.
IV. CONCLUSION & DISCUSSION
We introduced two multiqubit controlled-unitary gates and proposed a number of simple and efficient ways to construct multi-term orthonormal Bell-like bases. The approach is very general and incorporates all earlier known methods of constructing orthonormal entangled bases. The number of ways to obtain such bases increases exponentially with increasing system size. This reveals entanglement complexity of quantum systems and affirms the fact that entanglement is the characteristic trait of quantum mechanics.
We proved analytically that concurrence (hence entanglement of formation and logarithmic-negativity) for the Bell-like bases obtained using controlled-U operation (CO1) and arbitrary phase operation is unity. We found that the Bell-like bases obtained using "Odd1" controlled-U operation are genuinely highly entangled but fragile to particle loss. We also observed that monogamy scores (information-theoretic ones) can be effectively used to distinguish these bases when other quantum correlations fail to do so. This indicates that monogamy score is a fine-grained quantum correlation measure. For given m, CO1-bases are the most genuinely entangled while CA1-bases are the least genuinely entangled. CO1-bases are also more entangled than CAQ-and CA1-bases for given n, m, and the phase operation.
Since the Bell-like basis (n, n − 1, CO1, P 2), and the basis obtained using the Braid theories are equivalent upto a global factor -1 and permutation of computational states, this motivates to find increased applications of the Braid theories in quantum information theory [38] . The algorithms discussed in this paper create entangled states from computational states. When we learn how to perform arbitrary unitary operations on multiple qubits, this approach will reveal further structure and complexity of quantum correlations, especially entanglement, of quantum systems systematically. We believe that the multiqubit controlled-U gates which we have introduced in this paper will contribute significantly, like C n (U ), in quantum computations, and the Bell-like bases obtained as addressed before will find potential applications in quantum information tasks. Our approach can be straight forwardly generalized for arbitrary dimensional quantum systems where a wide variety of similar, sometimes complex, controlled-unitary and phase operations can be defined and orthonormal entangled bases can be obtained.
